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Introduction 

If X is a topological space and / is a homeomorphism of X, the topological entropy of /, denoted by htop(/), is a 
nonnegative number measuring the complexity of the dynamical system {X,f). If X is a compact Kahler manifold 
and / is a biholomorphism of X, then htop(/) = s^upi^^^^^j^^ where 5p(/) is the p-th dynamical degree of /, 

i.e. the spectral radius of /* acting on H^'''(X) (see |Gro03, Gro87, Yom87|). When X is a complex compact surface 
(Kahler or not) carrying a biholomorphism of positive topological entropy, Cantat has proved IICan99l that X is either 
a complex torus, a K3 surface, an Enriques surface or a nonminimal rational surface. Although automorphisms of 
complex tori are easy to describe, it is rather difficult to construct automorphisms on K3 surfaces or rational surfaces 
(constructions and dynamical properties of automorphisms of K3 surfaces can be found in llCan99l and HMcMOll ). 

The first examples of rational surfaces endowed with biholomorphisms of positive entropy are due to Kummer and 
Coble I Cob61i . The Coble surfaces are obtained by blowing up the ten nodes of a nodal sextic in P^(C) and the 
Kummer surfaces are desingularizations of quotients of complex 2-tori by involutions with fixed points. Obstructions 
to the existence of such biholomorphisms on rational surfaces are also known: if X is a rational surface and / is a 
biholomorphism of X such that / has positive topological entropy, then the representation of the automorphism group 
of X in GL(Pic(X)) given by g i— > has infinite image. This implies by a result of Harbourne IHa r87l that its kernel 
is finite, so that X has no nonzero holomorphic vector field. A second consequence which follows from [Nag60 Th. 5] 
is that X is basic, i.e. can be obtained by successive blowups from the projective plane (C); furthermore, the number 
of blowups must be at least ten. 

The first infinite families of examples have been constructed independently in OMcMOTI and IIBK09al by different 
methods; the rational surfaces are obtained by blowing up distinct points of P^(C). The corresponding automorphisms 
come from birational quadratic maps of P^(C) which are of the form Aa, where A is in PGL(3;C) and a is the Cremona 
involution. These constructions yield a countable family of examples. 

More recently, Bedford and Kim constructed arbitrary big holomorphic families of rational surfaces endowed with 
biholomorphisms of positive entropy. These families are explicitly given as follows: 

Theorem 1 (PBKlOl). — Consider two integers n>3 and k>2 such that n is odd and {n,k) ^ (3,2). There exists a 
nonempty subset Q of R such that, ifc G Q and a= (02,04, .. . ,fln-3) € , the map 

fa:{x:y:z)^ [xz"-^ : z" : x" -yz^-'+cz" + "^^ ai/+\''-^-') (0.1) 

e=2 
t even 

can be lifted to an automorphism of positive topological entropy of a rational surface Xa- The surfaces Xa are obtained 
by blowing up k infinitely near points of length 2n—\ on the invariant line {x = 0} and form a holomorphic family over 

the parameter space given by the aj 's. Ifk = 2 and n>5 is odd, then there exists a neighborhood of in such that 
for all distinct elements a and a' in U with fl„_3 7^ 0, Xa and Xj are not biholomorphic. 

These examples are generalizations of the birational cubic map introduced by IHVOObllHVOOall and studied by ITakOlal 
[TakOlb.TakOlc]. 

The present paper has two distinct aims: the first one is to give a general procedure to construct examples of rational 
surfaces carrying biholomorphisms of positive entropy in a more systematic way than what has been done before. The 
second one is to associate with any holomorphic family of automorphisms of rational surfaces a number, called the 
generic number of parameters, and to give a geometrical interpretation of this number using deformation theory. 

Our strategy for the construction of automorphisms of rational surfaces is the following one: we start by choosing any 
birational map of the complex projective plane /. By the standard factorization theorem for birational maps on surfaces 
as a composition of blow up and blow down [Sha94, IV §3.4], there exist two canonical sets of (possibly infinitely near) 
points ^1 and ^2 in P^ (C) such that / can be lifted to an isomorphism between Bl^ P^ and Bl^ P^ , where Bl| denotes 

the rational surfaces obtained by blowing up P^ (C) at the points of . The data of ^1 and ^2 allow to get automorphisms 
of rational surfaces in the left PGL(3; C)-orbit of / : for a fixed positive integer k, let (p be an element of PGL(3; C) such 
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that ^1, 9^2, (9/)9^2, ■ • • , (9/)*^ ^9^2 have pairwise disjoint supports in P^(C) and that (9/)'^9^2 = ^i- Then 9/ can 
be lifted to an automorphism of P^(C) blown up at ^1 , 9^2, (9/)9^2, • • • , (9/)*^ V^2- Furthermore, if the conditions 
above are satisfied for a holomorphic family of 9, we get a holomorphic family of rational surfaces whose dimension is 
at most eight. Therefore, we see that the problem of lifting an element in the PGL(3; C)-orbit of / to an automorphism 
is strongly related to the equation m(^2) = ^i, where m is a germ of biholomorphism of P^(C) mapping the support 
of ^2 to the support of ^1 . In concrete examples, when ^1 and ^2 are known, this equation can actually be solved and 
reduces to polynomial equations in the Taylor expansions of u at the various points of the support of ^2- It is worth 
pointing out that in the generic case, t,i and ^2 consist of the same number d of distinct points in the projective plane, 
and the equation m(^2) = ^i gives 2d independent conditions on u (which is the maximum possible number if t,i and ^2 
have length d). Conversely, infinitely near points can considerably decrease the number of conditions on u as shown in 
our examples. This explains why holomorphic families of automorphisms of rational surfaces are more likely to occur 
when multiple blowups are made. 

Let us now describe in more details the examples we obtain. We do not deal with the case of the Cremona involution a 
because birational maps of the type Ao, with A in PGL(3;C), are linear fractional recurrences studied in IBK06. 
IBK09aL and our approach does not give anything new in this case. Our first examples proceed from a family («&„)„>2 
of birational maps of P^(C) given by <I>„(jic : y : z) = (jcz"^^ +3'" : yz"^' : z"). These birational maps are very special 
because their exceptional locus is a single line, the line {z = 0}; and their locus of indeterminacy is a single point on this 
line, the point P = (1:0:0). We compute explicitly t,i and ^2 and obtain sequences of blowups already done in IIBKIOI . 
Then we exhibit various families of solutions of the equation (9<I>„)'^^'9^2 = ^i for k — 2,3 and 9 in PGL(3;C), 
and obtain in this way automorphisms of rational surfaces with positive topological entropy. Many of our examples 
are similar or even sometimes linearly conjugated to those constructed in |BK10|: they have an invariant line and the 
sequences of blowups are of the same type. However, for {n,k) — (3,2) we have found an example of a different kind: 



Theorem!. — If (lis a complex number in 1}, Jet 9a be the eJement of PGL(3;C) given by 



9a 



a 2(1 -a) 2 + a- a? 
-1 a+1 
1 -2 1-a 



The map 9a't'3 has no invariant line and is conjugate to an automorphism of P^(C) blown up in 15 points; its first 
dynamical degree is ^^y^ ■ Besides, the family 9a't'3 is holomorphically trivial. 



The meaning of "holomorphically trivial" in the statement of the theorem is that two generic transformations in the 
family are linearly conjugate, i.e. they are conjugate via an automorphism of the complex projective plane. The 
family of Theorem|2] as well as our other examples, are all holomorphically trivial. After many attempts to produce 
nontrivial holomorphic families, we have been led to conjecture that holomorphic families of the type 9a't'« which yield 
automorphisms of positive topological entropy are all holomorphically trivial. Nevertheless this phenomenon is not a 
generality and seems specific to the maps <!>„: indeed Theorem [T] gives for n > 5 examples of families of birational 
maps of the type 9a/ conjugate to families of automorphisms of positive entropy on rational surfaces which are not 
holomorphically trivial (see 33.41 ). 

We finally carry out our method for another birational cubic map, namely f{x:y:z) = (y^z : x{xz + y^) : y{xz + y^)) . 
This map blows down a conic and a line intersecting transversally the conic along the two points of indeterminacy. We 
produce automorphisms of rational surfaces with positive topological entropy in the left PGL(3; C)-orbit of /: 
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g^(37iV3 + 3) a -^(5iV3+ll) 

2 

|(-15 + lliV3) 1 -^(5iV3 + ll) 

-^(2iV3 + 3) 



The map (pa/ is conjugate to an automorphism of 



(C) blown up in 15 points, its first dynamical degree is 



3+^5 
2 



Besides, the family (pa/ is holomorphically trivial. 

This example seems completely new, the configuration of exceptional curves shows that it is not linearly conjugate to 
any of the already known examples (although we do not know if it is the case when linear conjugacy is replaced by 
birational conjugacy). 

We now turn to the second object of the paper, which is the count of parameters in a family of automorphism of rational 
surfaces, or even more generally to a family of birational maps of P^(C), and its geometric interpretation. The naive 
way to count the number of parameters in a family of birational maps would be to count the number of parameters 
appearing in the homogeneous polynomials of the family. This is not a very good idea: indeed, if / is any birational 
map, the adjoint orbit of / under the action of PGL(3; C) is a family of birational maps which are all linearly conjugate. 
In other words, the parameters appearing in this family are fake parameters from the point of view of complex dynamics. 
This is the reason why the authors study in Theorem[T]how the complex structures of the rational surfaces X„ vary with 
a. Their approach links implicitly two different objects: a family of rational surface automorphisms, considered simply 
as a family of birational maps; and a family of rational surfaces. 

In the paper, we define a notion of generic number of parameters for each of these two geometric objects. First we 
associate a number with any holomorphic family of birational maps of the projective plane, which takes account of the 
possible fake parameters; we call it the generic number of parameters of the family. By definition, holomorphically 
trivial families will be families with vanishing generic number of parameters and generically effective families will be 
families with maximal generic number of parameters. The principal advantage of this number is that it is quite easy 
to compute in concrete examples. Then we propose an approach in order to define and count the generic number of 
parameters in a given family of rational surfaces. The good setting for this study is the theory of deformations of complex 
compact manifolds of Kodaira and Spencer IIKod86l : a deformation is a triplet {X,n,B) such that X and B are complex 
manifolds and n: X — t- B is a proper holomorphic submersion. If X is a complex compact manifold, a deformation of X 
is a deformation {X,K,B) such that for a specific binB, Xh is biholomorphic to X. If {X,K,B) is a deformation and X is 
a fiber of X, Ehresmann's fibration theorem implies that X is diffeomorphic toX x B over B. Therefore, a deformation 
can also be seen as a family of integrable complex structures {Jb)beB on a fixed differentiable manifold X, varying 
holomorphically with b. The main tool of deformation theory is the Kodaira-Spencer map: if {X,K,B) is a deformation 
and bg is a point of B, the Kodaira-Spencer map of X at bg is a linear map KSi (X) : Tj, B ~^ (Xf, ,TXt ), which 
is intuitively the differential of the map b i-> Jj, at b^. If {X,K,B) is a deformation whose fibers are projective varieties, 
we prove that the kernels of KSft(X) have generically the same dimension and define a holomorphic subbundle Ex 
of TB. This leads to a natural definition of the generic number m(X) of parameters of a deformation {X,K,B) as 
m(X) = dimB — TankEx ■ In the case m(X) = dimB, we say that X is generically effective; in other words, for b generic 
in B, KSi(X) is injective. This is slightly weaker than requiring that different generic fibers of X are not biholomorphic 
(as in Theorem[T]), but much easier to verify in concrete examples. 

From a theoretical point of view, deformations of basic rational surfaces are easy to understand. If we fix a positive 
integer A^, the moduli space of sets of ordered (possibly infinitely near) points in the projective plane (C) of cardinal 
is a smooth projective variety Sn of dimension 2N obtained by blowing up successive incidence loci. Besides, there 
exists a natural deformation Xn over Sn whose fibers are rational surfaces: if ^ is in Sn, then {Xn)-^ is equal to B1|P^. 
This deformation is complete at any point of Sn, i-e. every deformation of a fiber of Xn is locally induced by Xn up 
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to holomorphic base change. Therefore, if {X,K,B) is a deformation of a basic rational surface, all the fibers in a small 
neighborhood of the central fiber remain rational and basic (this is no longer the case for nonbasic rational surfaces). 
There is a natural PGL (3 ;C) -action on Sn which can be lifted on Xn, and this action can be used to describe the 
Kodaira-Spencer map of the deformation Xn ■ for any ^ in Sn, KS| (Xn) is surjective and its kernel is the tangent space 

at ^ of the PGL(3;C)-orbit of ^ in ^Af. If > 4, let 5^ be the Zariski-dense open set of points ^ in Sn such that Bl^P^ has 
no nonzero holomorphic vector field. Since Xn is complete, families of rational surfaces with no nonzero holomorphic 
vector fields can locally be described as the pullback of Xn by a holomorphic map from the parameter space to Sj^. We 
provide a practical way to count the generic number of parameters in such families: 

Theorem 4. — Let U be an open set in C" , N be an integer greater than or equal to 4 and \\t : U Sl^ be a holomorphic 
map. Then m(i|/*XAf) is the smallest integer k such that for all generic a in U, there exist a neighborhood Q.ofO in C"^*^ 
and two holomorphic maps y : Q.^U andM: n^PGL(3;C) suchthat: 

- Yh.(0) is injective, 

- y(0) = a and M(0) = Id, 

- for allt inD.,\\f(y{t)) =M{t) \\f{a) . 

Remark that we deal only with rational surfaces without nontrivial holomorphic vector field. This hypothesis is not 
very restrictive in our context because these surfaces are the only ones which carry interesting automorphisms, i.e. 
automorphisms of infinite order when acting on the Picard group of the surface. 

For every positive integer d, let us introduce the set Birrf(P^) of birational maps of the complex projective plane given 
by a triplet of homogeneous polynomials of degree d without common factors. As an application of TheoremlH we can 
compare the two notions of generic number of parameters we have introduced: 

Theorem 5. — Let N and d be positive integers such that N is greater than or equal to 4, Y be a smooth connected 
analytic subset of Birf/(P^) and \(/: F — > 5^ be a holomorphic map. IfX = \\t*XN, letF: X^Yx p2(C) be the natural 
holomorphic map overY whose restriction on each fiber Xy is the natural projection from Bly(,,)P^ to P^(C). Assume 
that for any y in Y, if fy is the birational map parameterized by y, Fj^' o fy o F, is an automorphism of the rational 
surface Xy. Then the generic number of parameters of the holomorphic family Y is smaller than the generic number of 
parameters of the deformation X, i.e. m{Y) < m(X). 

As a corollary, if a family of automorphisms of rational surfaces without holomorphic vector field is generically effective 
(as a family of birational maps), then the associated family of rational surfaces is generically effectively parameterized. 

Under the assumptions of the previous theorem, the equality between m(y) and m(X) is not valid in general. However, 
for families of automorphisms of rational surfaces considered in the article, we prove that the two notions of generic 
number of parameters agree: 

Theorem 6. — Let k and N be two positive integers, f be a birational map of the complex projective plane, and t,2 
be two points of Sn corresponding to the minimal desingularization of f and U be a smooth connected analytic subset 
of PGL(3; C). We make the following assumptions: 

(i) For all (p in U, {^ff^li - f i ■ 

(ii) The supports of t,i , (p^2 ^nd ((p/)-'(p^2, 1 <y <k— 1, are pairwise disjoint. 

(Hi) If\\t: U SkN is defined by \\t{(f) = (^i, (p^2, 9/9^2, (9/)*'"'9^2), then the image of is included in slj^j. 
(iv) For all cp in f/, the birational map (p/ can be lifted to an automorphism of the rational surface Bl^^^jP^. 

If U denotes the family of birational maps {(pf) (feu andifX = ^*XkN, thenm{U) =m(X). 

Acknowledgements. — We would like to thank E. Bedford, D. Cerveau and C. Favre for fruitful discussions and M. 
Manetti for the reference 0Hor76l . We also thank the referee for his/her very helpful comments. 
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1. Algebraic and dynamical properties of birational maps 
1.1. First dynamical degree. — A rational map from P^(C) into itself is a map of the following type 

/: P2(C) P2(C), {x:y:z)^ {Mx,y,z) : /i : f2ix,y,z)) 

where the /, 's are homogeneous polynomials of the same degree without common factor. The degree of / is equal to the 
degree of the //'s. A birational map is a rational map whose inverse is also rational. The birational maps ofp2(C) into 
itself form a group which is called the Cremona group and denoted by Bir(P^). The elements of Bir(P^) are sometimes 
called Cremona transformations. 

If / is a birational map, Ind/ denotes the finite set of points blown up by /; this is the set of the common zeroes of 
the f'jS. We say that Ind/ is the locus of indeterminacy of /. The set of curves collapsed by /, called exceptional locus 
of /, is denoted by Exc/; it can be obtained by computing the jacobian determinant of /. 

The degree is not a birational invariant; if / and g are in Bir(P^), then usually deg{gfg^^) and deg/ are different. 
Nevertheless there exist two strictly positive constants a and P such that for all integer n the following holds: 

adeg/" < deg(g/V') < Pdeg/". 

This means that the degree growth is a birational invariant. 

Let us recall the notion of first dynamical degree introduced in 0Fri95[ IRS971 : if / is in Bir(P^), the first dynamical 
degree of / is defined by 

X(/)=lim(degr)i/". 

More generally we can define this notion for bimeromorphic maps of a Kahler surface. A bimeromorphic map / on a 
Kahler surface X induces a map /* from H^'^ (X, R) into itself. The first dynamical degree of / is given by 

M/)=lim(|(/")*|)'/". 

Let / be a map on a complex compact Kahler surface; the notions of first dynamical degree and topological entro- 
py htop(/) are related by the following formula: htop(/) = logX(/) (see IIGro03l lG"ro87l I Yom871 ) . 
Diller and Favre characterize the birational maps of P^(C) up to birational conjugacy; the case of automorphisms with 
quadratic growth is originally due to Gizatullin. 

Theorem 1.1 ( IIDFOlllGizSOII ). — Let / be a bimeromorphic map of a Kahler surface. Up to bimeromorphic conju- 
gacy, one and only one of the following holds. 

- The sequence (|(/")*|)nGN is bounded, f is an automorphism on some rational surface and an iterate of f is an 
automorphism isotopic to the identity. 

- The sequence (|(/")*|)nGN grows linearly and f preserves a rational fibration; in this case f is not an automor- 
phism. 

- The sequence ( | (/" )* | )nen grows quadratically and f is an automorphism preserving an elliptic fibration. 

- The sequence ( | (/" )* | )„gn grows exponentially. 

In the second (resp. third) case, the invariant fibration is unique. In the three first cases X{f) is equal to 1, in the last 
case X{f) is strictly larger than 1 . 

Examples 1.2. — Let us give some examples. 

- If / is an automorphism of P^ (C) or a birational map of finite order, then (deg/")„ is bounded. 

- The map / = (xy : yz : z^) satisfies that (deg/")„ grows linearly. 

- The map /e = {{y + z){y + z — tz): x{y~zz) : {y + z)z) grows quadratically as soon as e belongs to {1/2, 1/3} (see 
llDFOll Prop. 9.5]). 

- A Henon map, i.e. an automorphism of of the form 

/ = {y^p(y) -8x), 5 e C*, P e C[y], degP > 2 

can be viewed as a birational map of p2(C) and X{f) = degP > 1. 
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Let / be a bimeromorphic map on a Kahler surface X. To relate X{f) to the spectral radius of /* we need the equali- 
ty (/*)" — if")* for all n. When it occurs we say that / is analytically stable ([FS95, Sib99|). An other characterization 
can be found in MDFOll Th. 1.14]: the map /is analytically stable if and only if there is no curve C inX such that/'^(c) C 
Ind/ for some integer k>Q. Up to a birational change of coordinates, one can always arrange for a bimeromorphic 
map of a Kahler surface to be analytically stable (see |DF01, Th. 0.1]). For instance, if / is an automorphism, then / 
is analytically stable and A,(/) is the spectral radius of /*. Besides, since /* is defined over Z, X{f) is also the spectral 
radius of /* . 

Let us recall some properties about blowups of the complex projective plane. Let pi, . . . , p„he n (possibly infinitely 
near) points in P^(C) and Blpj p„P^ denote the complex manifold obtained by blowing up P^(C) at pi, . . . , p„. 

- We can identify Pic(Blpj ...,p,jP^) and H^(Blp| p„P^,Z) so we won't make any difference in using them. 

- If k: Blp,. ..p„P^ — )■ P^(C) is the sequel of blowups of the n points pi, p„, H the class of a generic line and 
Ej — ' (pj) the exceptional fibers, then {H, Ei ,...,£„} is a basis of the free Z-module Pic(Blp, p„^^)- 

- Assume that n < 9 and that / : Blp, p„P^ — > Blp, p„P^ is an automorphism. Then the topological entropy of / 

vanishes. If n < 8 then there exists an integer k such that descends to a linear map of P^(C) (see LDil. Prop. 
2.2]). 

In the sequel, P^ will denote the complex projective plane. 

1.2. Desingularization of birational maps. — In this section, we recall well-known results about birational maps be- 
tween algebraic surfaces. We refer the reader to IISha94l IV §3.4] for more details. 

- Every regular map / : X — > F between smooth projective surfaces which is birational can be written as cpo o 
Kfj^i o ...o7ti, where the 7t,'s are blowups and cp is an isomorphism. Besides, the centers of the blowups are 
uniquely determined by /. 

- If f: X F is a rational map between smooth projective surfaces, there exist a canonical rational surface X 
obtained from X by a finite sequence of blowups such that, if K is the composition of the blowups, / o 7t is a 
regular map. Any other rational surface satisfying the same property is obtained by blowing up X finitely many 
times. The surface X is called the minimal desingularization of /. 

- If/: X ---iY is a birational map between smooth projective surfaces and if X, Y are the minimal desingularizations 
of / and /^ ' , then / induces an isomorphism between X and Y . 

Thus, for any rational map /: X Y between smooth projective surfaces, there exist two canonical sets of (possibly 
infinitely) near points and ^2 in X and Y such that / induces a canonical isomorphism between Bl^ X and Bl| Y. We 

say that t,i and ^2 correspond to the minimal desingularization of /. In the sequel, we deal with ordered sets of possibly 
infinitely near points of P^, so that we usually order ^1 and ^2- In that case, ^1 and ^2 are canonical up to a reordering. 

One of the main properties of the minimal desingularization of a rational map is: 

Lemma 1.3. — Let /: X Y is a rational map between smootli projective surfaces, t,i and ^2 be ordered sets of 
(possibly infinitely) near points in X and Y corresponding to the minimal desingularization off and G be the subgroup 
of Aut(X) X Aut(y) consisting of couples {A,B) such that A f ~ fB. If {A,B) is in the connected component of the 
identity of G, thenAt,2 =^2 andB^i =^i- 

Proof. — We argue by induction on the number of blowups in the minimal desingularization of /. Let {A,B) be in G 
and (A(,B,)o<r<i be a continuous path in G between (id, id) and {A,B). For all f in [0, 1] the matrix Bt induces a permu- 
tation of the points of the locus of indeterminacy of /. Since Bq — id, each point of this locus must be fixed. Reasoning 
with /^ ' instead of /, we obtain that A fixes the points of indeterminacy of /^ ^ Let p (resp. q) be one point of indeter- 
minacy of / (resp. /"^). If X' BlpX and Y' = Bl,,Y, f induces a rational map /' : X' Y'. Besides, if f j = f 1 \ {p} 
and ^2 = ^2 \ {q}, then ^\ and correspond to the minimal desingularization of /'. The automorphisms A and B of P'^ 
can be lifted to automorphisms A' and B' of X' and Y' respectively; and by induction. A' ^2 — ^2 and B't,\ = This 
yields the result. □ 
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In ^ ^and ^ we will compute in concrete examples ordered sets of (possibly infinitely near) points of the complex 
projective plane corresponding to minimal desingularizations of Cremona transformations. 

1.3. Generic number of parameters of a family of Cremona transformations. — For every positive integer d, let 
Bir^/(P^) be the set of birational maps of the complex projective plane given by a triplet of homogeneous polynomials 

of degree d without common factors. Then Birrf(P ) is a Zariski open subset of P 2 . We will use two actions of 
the algebraic group PGL(3;C) on Bird(p2), namely; 

- The left action, given for M in PGL(3; C) and / in Birrf(p2) by M.f = Mf. 

- The adjoint action, given for M in PGL(3; C) and / in Bk,/ (P^) by M.f = MfM- ' . 

The associated orbits will be called left orbits and adjoint orbits in order to distinguish them. In this section, we 
wiU be mainly concerned with the adjoint action. From the point of view of holomorphic dynamical systems, two 
Cremona transformations belonging to the same adjoint orbit are essentially similar, since they are conjugate by a 
biholomorphism. 

By definition, a holomorphic family of birational maps of degree d will be an irreducible analytic subset of BiTij{F^). 
To associate with a holomorphic family of Cremona transformations a generic number of parameters, we need a general 
result concerning holomorphic group actions: 

Lemma 1.4. — Let Gbea complex Lie group acting holomorphically on a complex manifold X and Y be an irreducible 
analytic subset ofX. Then for any generic element in Y, the intersection of the orbit Oy of y with Y is smooth in a 
neighborhood ofy, and its dimension is independent ofy. 

Proof. — Let g be the Lie algebra of G. Each element Z of g induces a holomorphic vector field Xz on X corre- 
sponding to the infinitesimal action of G on X in the direction Z. We fix a basis Zi , . . . ,Zjt of g. Then, for any x inX, 
Vect(Xz[ (x),... ,Xz^{x)) is equal to TxOx. This proves that for y generic in Y, the dimension of TyOyDTyY is independent 
of Y; we call it m. After removing a proper analytic subset out of Y if necessary, we can assume that this property holds 
for all y in Y. Let y be any point in Y. Then, for any y in Oy n Y, Ty{Oy f^Y) ^ TyOy n TyY = TyOy n TyY, so that the 
Zariski tangent spaces of the analytic set OyDY all have the same dimension m. This implies that OyDY is smooth of 
dimension m. □ 

We apply this lemma forX = Bir(/(P^) and G ~ PGL(3;C). This justify the following definition: 

Definition 1.5. — If is a positive integer and F is a holomorphic family of birational maps of degree d, we define the 
generic number of parameters ofY, denoted by m(F), by m{Y) = dimF — dim((9/nF)"^'', where / is a generic element 
in 7, Of is the adjoint orbit of / in Birf/(P^) and (0/ n Y)"''' is the irreducible component of / in O/CiY. 

- If m(7) = 0, we say that Y is holomorphically trivial. 

- If m{Y) = dimF, we say that Y is generically effective. 

If a holomorphic family Y of Cremona transformations is holomorphically trivial, then for any generic point y in Y , 
Oy n y is an open neighborhood of y in F for the usual topology. We can be even more precise: for any point / in 
Birrf(P^), the adjoint orbit Of of f is Zariski-open in its Zariski closure, so that (9/ OF is an analytic subset of Y. If y is 
generic in F, then dim((9y n Y)"''' — dim F. This implies that {Oy n Y)'^'' is Zariski open in F, so that all generic points 
of F lie in the same adjoint orbit. This means that the parameters of F are "fake" parameters. 

On the other hand, if a holomorphic family F of bkational maps is generically effective, then for any generic element / 
in F, there exists a neighborhood U of / in F such that OfOU — {/}. Besides, U can be chosen open for the Zariski 
topology. 

In concrete examples, the generic number of parameters of a family of Cremona transformations can be computed easily 
using the following proposition: 

Proposition 1.6. — Let Y be a holomorphic family of birational maps of dimension n. Then m(F) is the smallest 
integer k such that for a generic transformation f in F, there exist a neighborhood Q.ofO in C"^'^ and two holomorphic 
mapsj: Q. ^ Y and M : Q. ^ PGL(3;C) such that: 



AUTOMORPHISMS OF RATIONAL SURFACES WITH POSITIVE TOPOLOGICAL ENTROPY 



9 



- Y* ( 0) is injective, 

- y(0) and M(0) = Id, 

- forallt inD., fy^,-f ^ M{t) f M{t)-'^ . 

Proof. — Let y and M satisfying the hypotheses of the proposition. Then the image of y near / is a submanifold of Y 
of dimension n — k, which is included in the adjoint orbit of /. This proves that k is greater than or equal to m(y) . To get 
the inequality in the opposite direction, we choose a generic transformation / in Y. By Lemma n~4l the intersection Z of 
the adjoint orbit of / with Y is smooth near /. Since the orbit map from PGL(3; C) to (9/ is a holomorphic submersion, 
we can find locally around / a holomorphic section x: Of ^ PGL(3;C) such that t(/) = id. Then t(Z) is a submanifold 
of PGL(3; C) of dimension n — m(F) passing through the identity. If H is a neig hborhood of in C"""'*^) and y : i2 ^ Z 
is a local parametrization of Z such that y(0) = /, we define M: H — ^ t(Z) by M{t) ~ T(y(f)). We obtain that for all t 
in i2, /y(f) = M{t)fM{t)^^, this implies that k is smaller than or equal to Tn(y). □ 

Example 1.7. — For each couple of integers {n,k) with « > 3 and k>2, let us compute the number of parameters of 
the family (/„) of birational maps given in (10. lb . We use the notations introduced in Theorem [1] 

For a generic point a in Ct^ , let y : 0.-^8 and M: Q.^ PGL(3; C) be two holomorphic maps satisfying the assump- 
tions of Proposition [L6l Then for all t in i2, /^j,) = M{t)faM{t)-^ . If P = (0 : : 1), g = (0 : 1 : 0), A = {jc = 0} 

and A' = {z = 0}, then for any in , Indfb = {2}, Exc/i, = A', fb{^) =P, and A is the only invariant line under/,. 
This implies that for all t in Q., the automorphism M(f) of fixes P and Q, and leaves invariant the two lines A and A'. 

[a, 1 

Thus we can write M{t) = bt Ct where a, b and c are holomorphic functions on £2. If we put this expression 

1 J 

in the equality f^^f^ = M{t) faM{t)^^ , we obtain easily that for all t in D., a, = c, = 1 and b, = 0. This proves that the 
family (/„) is generically effective. 

2. Birational maps whose exceptional locus is a line, I 

For any integer n greater than or equal to 3, let us consider the birational map <I>„ defined by <I>„ — {xz"^^ +y" : yz"^^ : z"). 
If f = (1 : : 0) and A = {z = 0}, then Ind4>„ = {P} and Exc<I>„ = A. Besides, 4>„(A) = P. 

In this section we construct for every integer n > 3 two ordered sets of infinitely near points of the complex projective 
plane and ^2 corresponding to the minimal desingularization of . Then we give theoric conditions to produce 
automorphisms cp of such that (p<I>„ is conjugate to an automorphism on a rational surface obtained from P^ by 
successive blowups. 

2.1. First step: description of the sequence of blowups. — We start by the description of two points ^1 and ^2 infinitely 
near P of length 2n — 1 corresponding to the minimal desingularization of <$>„ . 

Convention: if ® (resp. ©,) is a curve on a surface X, we will denote by (resp. ©,+1) the strict transform of this 
curve in X blown up at a point. 

Let us blow up P in the domain and in the range; set y = mi, z = mi vi then Ai = {vi = 0} and the exceptional divisor E 
is given by {ui = 0}. We can also set y = risi , z = ^i; in these coordinates E = {si = 0}. We get 

^ r \ r \ / «-l , n-l n\ ( «iv'r' "i^'i \ ( «l^r' \ 

4>„: (mi,vi) ^ (mi,mivi)(,,,) (v'J '+ui:uiv'{ '■.uiv1) = \—^ ^TT"^ — ^ ^TT '^1 ' 

hence E is fixed, Ai is blown down to Pi = (0,0)(j,j = En Ai and Pi is a point of indeterminacy. One also can see 
that 



0„: (n,ii)^(nii,^i)M^(l+r'/ii:riii:ii)^ ) ^(n, 
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Then we blow up Pi in the domain and in the range. Set ui = U2, vi = U2V2 so the exceptional divisor F is given by 
{m2 — 0} and A2 by {v2 = 0}. There is an other system of coordinates (^■2,^2) with ui = r2S2, vi = ^2; in this system, 
F = {^2 = 0} and Ei = {r2 = 0}. On the one hand 

«-2,,n-l , -I . ,.n-l,.n-l . „n,.n\ — "2 ^2 "2^2 \ 



4>„ : (m2,V2) -S- (m2,M2V2)(„i,vi) ^ («" ^2 + ^ ■ u" v\ : u\v"2) = 



V ^ ^ / (mi,vi) \ ^ ^ / (r2,S2) 



on the other hand 



(r2s"^^ r2s" \ 
n-i, . n-2]_ 
■$2 + ''2 -52 '^1 I 



r2sl-' \ / r2sl-^ \ 



So Ai = El nF = (0,0)(r2,i2) is ^ point of indeterminacy and F is blown down to Ai . 
Moreover 

, yz"~^ \ ( vz""^ z\ ( v^z"~^ z 



hence A2 is blown down to Ai . 

The (n — 3) next steps are of the same type, so we will write it one time with some indice k, 1 <k<n — l>. 
We will blow up A,;. = E^nG^^' = ^(0:0)(r{.+ i..S|i+i) the domain and in the range. Set 



Let us remark that (uk^2-,^k-^i) (resp. {rk+iiSk+ij) is a system of coordinates in which the exceptional divisor is 
given by G^ = {Mfc+2 = 0} and Gj"^ = {v^+2 = 0} (resp. G* = {s),+2 = 0} and E^+i = {rk+2 = 0}). We have 

{Uk+2,Vk+2) {Uk+2,Uk+2Vk+2){r,,+ i,s,,+i) {^+^1+2^^^1+2^^ • ^k+2^k+2 • "1+2^1+2} 



n—k—2n—k—2 
"■k+2 ^k+2 



n-k-2n-k-\^^k+2Vk+2 
,i+«*+2 \+2 / (rk+2,Sk+2) 



and 



^n: {rk+2,Sk+2) irk+2Sk+2,Sk+2){rt+i,>'k+l) ~^ ('■fc+2+4+2 ^ ^ rk+24+2 ■ rk+24+2) 



rk+2S k+2 

„n-*-2'**+2 



Va+2+^,+2 /(.,,2,...2) 

So A;fc_|_i = G*^ n E^+i = (0,0) (rj.+2,s*+2) is ^ point of indeterminacy and G*, Gj~' are blown down to A^+i ■ Therefore 

-n \ / Ji+2 n-k-2 



{y,z) V 2 +y 3'/ {a+2.^1+2) 



so Afc+2 is also blown down to Ak+\ . 
One can remark that 



■^"^ ("2,V2) ^ „-2^„-n "2V2 ^ 2^„_, .U2V2 
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hence is blown down to A^+i . Using a similar computation one can verify that G^- ■' is blown down to A^t+i • 

Let us now blow up A„-2 in the domain and in the range. Set r„_i = m„, Sn-i = u„v„, and r„_i = r„Sn, s„-i = s„. 
Let us remark that {un,Vn) (resp. (r„,s„)) is a system of coordinates in which the exceptional divisor is given by 
G«-2 = {u„ = 0} (resp. G"-^ = {s„ = 0}), and G^"^ = {v„ = 0}. We compute: 

^n - (m„,V„) ^- (M„,M„V„)(r„_i,,„_j) ^ (l+V„: M^^'v^^^ : mX) (-r^,U„V„] 

V^+^n J {r„,s„} 

and 

V^+'"« / (w„) 

This implies that G""^ is fixed, G""^ is blown down to the point 5 = (l,0)(r^_j„) of G"~-^ and the point 7" = {—^,0){r„,s„) 
of G"~'^ is a point of indeterminacy. 

On the one hand 

so An is blown down to S; on the other hand 

^n:(»2,V2)^( J,^ t.2V2) ^ ( 1 , V" ''^"^ j ^ i 1 + A"'" ^^"^ j ' 

Vi+«2 ^2 V^+"2 ^2 /(r„_i,,„_0 \^+"2 ^2 

hence F„_2 is blown down to S. 

Now we blow up T in the domain and S in the range 

'■" I " ^ H = =0} I I ""+\+ ^ K = {a„+i = 0} 

Sn — Un+lVn+l Sn — Cln+iOn+l 

rn = rn+lSn+l-l y = {^„+i = 0} ( r„ = Cn+,dn+i + I K = K+i = 0} 

— S„ — dn+l 

We obtain 

(m„+i,v„+i) ^- (m„+i - l,M„+iv„+i)(,„_,„) (1 : (m„+i - \)u''^\V'^\ : (m„+i - l)<;}v;|+i) 

= (K+i - i)<;?v;:;l,K+i - i)ui+\vi+^)^y^^^ ^ - i)ui-\vi-\,u„+iv„+])^^^^^^^ 

and 

^n- {rn+\,Sn+\) (r„+is„+i - 1 , i„+i)(^^ .,^) (r„+i : (r„+is„+i - l^J^+j : (r„+i^„+i - 1>^+}) 

,Sn+l\ ,Sn+l] 

Thus H is sent on Gj"^ and Bi = (0, Q)(r„_^^,s„^{) is a point of indeterminacy. Moreover, 



4>„: (m„,V„)"> (— ,MnV„ ) ( - ■ ^" ,-U„{\ +Vn) ) 
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and 



y <■ 



Therefore Gj"'' is sent on K and A„+i, F„_i are blown down to Ci = (0,0)(c„^j 

The (« — 3) following steps are the same, so we will write it one time with some indice i, 1 <i<n — 3. 
We blow up Be = (0, 0){r„^.e,s„+i) in the domain and Q = (0, 0){c„+e,d„+e) in the range 

f r„+, = r„+,+i.„+,+i ^ ^ r c„+e = cn+e+id„+e+i ^ ^ 

\ S„+e=Sn+e+l \n+t+i S \dn+t = dn+t+\ \ n+t+i 5 

On the one hand 

-> {{ulX\+ivi+e+l - l)Vn+<;+l,Mn+^+lVn+^+l)(r„_i_^,,„_j_^) 

and on the other hand 

^n- {rn+e+l,Sn+i+l) ^ ('"«+£+l*n+^+l>'S«+£+l)(r„+£,.s„+<) 

^ {rn+i+1 : (r„+£+is^+^^i - l)s;;;^;i : {r„u+isiX\+i - ^K+m) 
/ ^+1 1 



^ Vn-l-e-^n-l-l 



Sofi^+1 = (0,0)(r^^^^j_,^^^^j) is a point of indeterminacy, is sent on Gj^^j ^ifl<^<« — 4 andL" ^ is sentonF2„-4. 
Remark that B^+i is on but not on Lj~^ Besides one can verify that 

y ^ ^\ ^^AtU^t . f .^^/_"2 ^2 



^n-. (y,z)^l- 1 and that (r/2,V2) ^ - ^ J ^ ,»2V2 ; 

thus A„+^+i and F„+£_i are blown down to Q+i = (0,0)((;„^^^i,d„^^^j) for every £ <n — 3. The situation is different 

for^ = n — 3 : whereas A2n-2 is still blown down to C„_2 = (0,0)(c2„_2,d2n-2)' t^i^ divisor F2„-4 is sent onM"~^. 
One can also note that 



.1 



\Uk+2,Vk+2) H-i:-2 n-k-l ^^k+2Vk+2 -J> ,^ ,U}r+2Vk+2 

/ „M-<:-3, n-S:-2 \ / \ 

, / "/:+2 ^k+2 .. ,. \ . . I ^*:+2 * 



1 H-<:-2 n-it-l '"'^+2^<:+2 ^'^ ^1 n-k-2 n-k-l ^^k+2Vk+l 

\ i+«A:+2 ^k+2 / {M4n^,) V ^+"^+2 ''k+2 J 

SO G|„_4_^ is sent on M^"*""^ for all 1 < < n - 4. 

Finally we blow up Bn-2 in the domain and C„_2 in the range. 

1 r2„-2 = «2„-i L«-2 = {«2„-i =0} ( 'J'^-^ = "^-i M«-2 = {a2„-i = 0} 

I S2n-2 = M2n-lV2n-l I a2n-2 = «2n-l02n-l 
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i2n-2 = i2n-l a2n-2 = «2n-l 

This yields 

(M2n-I,V2„-l) (M2«-l,M2«-lV2n-l)(r2„_2,«2,i-2) ^ ' ("2«-l^'2«-I ^ ^Y'2n-\ ■ (M2n-'l^'2n-I ^ l)«2«-lV2„_i) 

and 

'I*,,: ('"2«-l,^?2n-l) -> ('"2n-Ii2«-l,i2«-l)(r2„_2.i-2„-2) ^ (''Zn-I ^ '"2«-lS2^ii - 1 : ('-2n-I«2n-I ~ ^)'^2n-l) ■ 

Thus there is no point of indeterminacy and L"^^ is sent on A2„-i. 
Furthermore, 



7«- I , 



-I- ' V / 

{C2n-\42n-l) 



SO A2„-i is sent on M" ^. 

All these computations yield the following result; 



Proposition 2.1 . — Let^i (resp. ^2) denote the point infinitely near P obtained by blowing up A\, . . . , A„^2, T, 
Bi, ... , B„_3 and B„_2 (resp. P,Pi,Ai, A„_2, S,Ci, C„_3 and C„_2)- Then t,i and ^2 correspond to the minimal 
desingularization of<P„, so that<P„ induces an isomorphism between Bl| and Bl| P^. The different components are 
swapped as follows: 

A^M"-^ E^E, F^M"-\ G"-^^K, G""^ ^ G""^ li^G" \ L""^ ^ F, L''^^ ^ A, 

G*^ ^ M"-''-^ for 1 < < n -4, ^ G""^"^' for 1 < £ < n -4. 

The sequence of blowups corresponding to the infinitely near points ^1 and ^2 already appeared in MBKIOI . 

2.2. Second step: gluing conditions. — The gluing conditions reduce to the following problem: if m is a germ of 
biholomorphism in a neighborhood of P, find the conditions on u in order that m(^2) —^i- 

Consider a neig hborhoodof (0,0) in with the coordinates r|i , /Ji . For every integer d > 1 , we introduce an infinitely 
near point Q.^ of length d centered at (0,0) by blowing up successively coi , . . . , coj, where co,- = (0,0)(t^. ^.j and the 
coordinates (r|,,/j,) are given by the formulae r|, — r|,+ i/j,+i , /j,- = . 

Letg(r|i,/Ji) = ^ aijTjj/jj, ^ p,jr||/jj be a germ of biholomorphism at (0,0) (^^i ^1). If c/ is a positive 

integer, we define the subset /,/ of by /,/ = {(0,0), (0, 1), . . . , (0,c/- 1)}. 

Lemma 2.2. — Ifd is in W , g can be lifted to a biholomorphism g in a neighborhood of the exceptional components 
in Bl^ if and only if (Xoo — po.o — and ocq.i = . . . = ao,(/-i = 0. If these conditions are satisfied, Po.i 7^ and g is 
givenin the coordinates (r|^+i,/jf/+i) bytheformula 



EE o / di- 

P'jil,/+iA'j+i [i.Mh I 



1^(^+1 1 <e, \^d+il^d+i \ <e 



/or 8 sufficiently small. 

Proof. — This is straightforward by induction on d. □ 
Fix n > 3, then Bl| can be obtained as follows: 
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- blow up P ; 

- blow up n„_i centered at Pi (i.e. r|i = mi, /Ji = vi) ; 

- blow up f2„_i centered at T (i.e. r|i = r„ + 1, /Ji = s„). 
The same holds with ^2, the point T being replaced by S. 



Proposition 2.3. — Letu{y,z)— ^ niijy'z-' , ^ riijy'z^ be a germ of biholomorphism at P. 

\(;j)gn2 (ij)effi J 

- Ifn — 3, then u can be lifted to a germ of biholomorphism between Bl^ and Bl^ if and only if 

- '«o,o = "0,0 = 0; 

- ni,o = 0; 

- '"i,o + «o.i =0; 

3mo.i«o.l 

- 7f n > 4, then m can be lifted to a germ of biholomorphism between Bl| P^ and Bl^ P^ if and only if 

- mo.Q = "0,0 = 0; 

- ni,o = 0; 

- '<o+«o:i'=0; 

- mo,i = 112,0 = 0. 

Proof. — The first condition is u{P) — P, i.e. mofi — no,o = 0. The associated lift mi is given by 



Mi(mi,Vi) 



E'+j j 



\ 



(i-Mh 



' ("l.vi) 



We must now verify the gluing conditions of Lemma IZ2] for g = u\ with d — n— \. This implies only the condition 
ni.o = 0, since ao.y(Mi) = for j > 0. After blowing up i2„_i we get 



(iMh 



(ijm 



J)?^(1.0) 



The condition m„(5) = T is equivalent to = — 1. In the coordinates (r|i,/Ji) centered at 5 and T, 



where 



ri(rii,A'i) = 



Mn(ili,A'i) = (ri(rii,A'i),r2(r|i,^i))(i^j^^j) 



n-1 



Thus 



^ , (mLo + ?Mo,iA'i+o(A'^ ^))" 
UU,(U1J = : : — — r + i. 



(«0.1+«2,0A'r' + o(A'r'))" ' 
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The gluing conditions of higher order of Lenima l2!2l for g = u„ with d — n—\ are given by -r-7^(0,0) =0, \ <l<n — 2 



If « = 3 , then 



,„ ^ (mi.o + mo.iA'i +0(^(1)) . '"1.0/ 

i(0,A'i) = - ■ —-Z2^^ = — \ 

(«o,i +n2,0A'i +o(a'i)) "0,1 V 



"2,0 



«o,i. 



hence the condition is given by «2.o 



2m I (1 



If n > 4, then ^-'-(0,0) = n ''°,_[°'' . Since the coefficient m\a is nonzero, mo.i = 0. This implies 

r I Wn 1 



"0,1 



so the last condition is n2,o = 0. 



□ 



2.3. Remarks on degenerate birational quadratic maps. — We can do the previous construction also for n = 2 and 
find gluing conditions: a germ of biholomorphism g of around given by 

Q<iJ<4 0<!,;<4 

sends ^2 on ^1 if and only if mo.o = no.o = 0, ni^o = and m\Q = n2,o — "0,1- 

As we have to blow up at least ten times to get automorphism with nonzero entropy, we want to find automorphisms (p 
of p2 such that ((p<I>2)*^(p(|2) = f 1 with /t > 4 and ((p<I>2)'(p(f ) 7^ f for < / < - 1 . The Taylor series of {v^^if^ is of 
the form 

( I mjz\ L n,Jz^)+o{\\{yM') 

0<i,j<4 0<(,;<4 

in the affine chart x = 1. The degrees of the equations increase exponentially with k so even for A: = 4 it is not easy to 
explicit a family. However we can verify that if 



-f 

1 

1 a 



with a in C such that + 2a'' + A-a^ + 8a^ + 16 = 0, 



then (9<t>2)^(p(^2) = ^i- These examples are conjugate to those studied in MBK09bl . 



3. Birational maps whose exceptional locus is a line, II 

In this section, we apply the results of ^to produce explicit examples of automorphism of rational surfaces obtained 
from birational maps in the PGL(3;C)-orbit of the <I>„ for n > 3. As we have to blow up at least ten times to have 
nonzero entropy, we want to find automorphisms (p of P^ and positive integers k such that 

(fc+l)(2«- 1) > 10, ((p4>„)'^(p(|2) =Ii and ((p<I>„)'(p(P) 7^ P for < / < /t- 1. (3.1) 

3.1. Families of birational maps of degree « with exponential growth conjugate to automorphism of P^ blown up 
in 6« — 3 points. — Let (p be an automorphism of P^. We will find solutions of ( 13.11 ) for n > 3 and k — 2. 

Remark that the Taylor series of ((p<I>„)2(p is of the form 

( E 'nuVz^, E «.,yV)+o(ii(y,z)ip"-2) 

0<ij'<2«-2 0<i,;<2«-2 
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in the affine chart x— I. Assume that ((p<t>„)^(p(P) = P; one can show that this is the case when 



1 Y 1+5+5- 
' a 



-1 

a p 



One can verify that the conditions of the Proposition |23] are satisfied if P = — and (1 + 5) " = — 1 . 
For < ;t < 3n- 1, let 5^ = exp( ^^^+^^'" ) - 1. If 





1 


2p 


1+5*+ 




a 


a 







-1 







a 


P 


5^ 



then ((Pa,p^n)^^(^2) = ^1- Besides, P ^ cp„,pO„(P). Hence we get: 



Theorem 3.1. — Assume thatn > 3 and that 

i+s*+s| 



9a,R 



1 2P 
a 

-1 

a p 




5^ 



aeC*,peC,5i = exp 



n2k+l)in 
V 3^ 



l,Q<k<3n~l. 



Each map (Pa.p'^'n is conjugate to an automorphism of blown up in 3(2n — 1) points. 
The first dynamical degree of (?afi^n is strictly larger than 1 ; more precisely X{(fafi'^n ) 
The family cpt* p"t>„ is holomorphically trivial. 

Proof. — We only have to prove the two last statements. Let (p denote (Pa,p- In the basis 

{A, E, F, G' , . . . , G"-^, H, . . . , L"-^, (pE, (pF, cpG' , . . . ,(pG""^ (pK, cpM' . . . , (pM"-^, 
(pOnCpE, (p4>„9F, (p4>„(pG^ . . . , (p4>„(pG""^ (P'l'n^K, (p4>„(pM^ . . . , (pO^cpM""^} 
the matrix M of ((pO,,)* is 



where 



A = 








Oi 


'A 


0l2,i- 


1 0l2„-1 


02«-l,l 


B 


02«-l 


W2«-l 


A 


C 


02,1- 1 


02,1- 1 


02,1-1,1 


02„-l 


W2„-l 


02„-l 







1 ■ 









2 





e ^^6,1-2 









n 



eM2„-i, C = 



1 








0-1 
1 -2 



1 






-n 



Its characteristic polynomial i& (X^ -nX + 1){X^ -X + 1)"-^{X + 1)"-^{X^ +X + 1)"{X - Hence 



A.((p4>„) = 



n + ^/rP- — 4- 
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which is larger than 1 as soon as n > 3. 

Fix a point (ao, Po) in C* x C. We can find locally around (ao, Po) ^ matrix M^.p depending holomorphically on (a, P) 
such that for all (a, p) near (ao, Po), we have (?a,p^n = ^„ p9ao,po'I'n^a,p : if jU is a local holomorphic solution of the 
equation a = /i"ao such that /jo = 1 we can take 



fj"ao 
1 










Thus m((pa^p) = 0. 



□ 



Remark 3.2. — Assume that 8jt = —2 and n is odd. Consider the automorphism A of given by 
A = (mj: ott + py-z: z), a £ C*, p G C, m" a. 



One can verify that A((pci,p4>„)A ' = (xz" ' : z" : x" +z" 



n-l 



) which is of the form of (10. 11 1. 



3.2. Families of birational maps of degree n with exponential growth conjugate to an automorphism of blown 
up in 4n — 2 points. — In this section we will assume that n is larger than 4. In that case, we succeed in providing 
solutions of (13. Il l for k—\. 



Theorem 3.3. 



9a,p,7,5 



Assume that n>4 and 

P(f£A-«') 



-a 



a 


P 





y 


5(a-i') 


8 


P 





a, p e C, Y, 5 e C* , a 7^ Y, e^. = exp 



/(2yfc+l)i7t 
V « 



,0<A:<n-l. 



Each map f?afi.y,5'^n is conjugate to an automorphism of P^ blown up in 4« — 2 points. 

The first dynamical degree of (Pa,p,Y,8*S'n is strictly larger than 1 ; more precisely ^{<^a,p.y.8'^n ) = ^ . 

The family (Pa.p.Y.S*^" holomorphically trivial. 

Proof. — The first point is again a consequence of Proposition l2.3l 

Let 9 denote cpa.p,Y,8- In the basis 

{A,E,F,G',...,G 
the matrix M of ((p«I>„)* is 



,(pG""^(pK, (pM' ...,(pM""^} 



n-2i 



Oi 


'A 


1.2,1- 1 


02n-l,l 


B 


Id2n-1 


A 


C 


02„-l _ 



where 













1 
2 



: : n 

: : n 



n 



1 








1 





1 
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Its characteristic polynomial is {X^ - (n - l)X+l){X^ + 1)"-^{X + l)"-\X - 1)"+'. Hence 



A.((p<I>„) = 



(«-l) + v/(n-l)2-4 



which is larger than 1 as soon as n > 4. 



Fix a point (ao,po,Yo,5o) in C x C x C* x C* such that ao ^ Jo- We can find locally around (ao,po,Yo,5o) a ma- 
trix M^^p^^s depending holomorphically on (a,P,Y,5) such that for all (a,p,Y,5) near (ao,Po,Yo,So), we have 



if /J is a local holomorphic solution of the equation p = ^ PoYoS(Y — ^ ^^^j^ ^^^^ _ ^^y^^ 



IJ' 



A 


B 










A*" 



where A = 



Y5o(Yo-ao) 

Po^"'Hy8q-A^o5) 
y5o(yo-oco) 



and B 



PoAf"(aoY-«Yo) 
Y5o(ao-Yo) 



Remark 3.4. — If m is any solution of the equation u" = (a — Y)e^Y" P" §5 consider the automorphism A of 
given by 

A^{uy: 5(a - y)-^: + pSy - apz : e<;PYz), a, P e C, y, § e C* , a Y- 

One can verify that A {(fa.^.y.b^n — {xz"^ ' : z" : x" + ^kyz"^^ ) which is of the form of (10. Ik 



□ 

ml 



3.3. An example in degree 3 with no invariant line. — 

Theorem 3.5. — Let (pa be the automorphism of the complex projective plane given by 



a 2(l-a) 2 + 
-1 a+1 
1 -2 1-a 



aeC\{0, 1}. 



Each map (pa't'3 has no invariant line and is conjugate to an automorphism of blown up in 15 points. 
The first dynamical degree of (pa«l'3 is ^-^2^ > 1 • 
The family (pa'1'3 is holomorphically trivial. 

Remark 3.6. — The three points P, cpa(P) and (Pa't'39a(^') are not aligned in the complex projective plane. Indeed, 
P - (1 : : 0), ^>a{P) = (a : -1 : 1) and (pa1>3(pa(^) = (a : 1 : 1). 



Proof. — The first assertion is given by Remark [X6l and by Proposition l2.3l and the second by Theorem l3.ll 

Fix a point ao in C \ {0, 1 } . We can find locally around ao a matrix Ma depending holomorphically on a such that for 
all a near ao, we have (pa't>3 — M^^ (^ao'^iMa ■ it suffices to take 



Ma 



1 ao - a 
1 
1 



□ 
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3.4. A conjecture. — Let us recall a question which was communicated to the first author by E. Bedford: 

Does there exist a biratioml map of the projective plane f such that for all (p in PGL(3;C), the map (pf is not birationally 
conjugate to an automorphism with positive entropy? 

We do not know at the present time the answer to this question. However, after a long series of examples, it seems that 
the birational maps <I>„ satisfy a rigidity property: 

Conjecture. — Let U be an open set of C^', n be an integer greater than or equal to 3 and cpa be a holomorphic family 
of matrices in PGL(3; C) parameterized by U. Assume that there exists a positive integer k such that 

(fe+l)(2«-l)> 10, i(?a^„yi?aiP)^P forO<i<k-land {(pa^nf^li) ^li- 
Then {(pa'^n)aeu is holomorphically trivial. 

Let us remark that the maps of the form ( 10. lb don't satisfy this conjecture: for n = 5 one can verify that for any nonzero 
complex number s, 

A fa = /,.2,,-S, where A = [x : - : c{l /s - s'^)y + s'^z) and B = {sx : s^y : z) ■ 

Thus /^2„ and B^^Afa are linearly conjugate. For a fixed nonzero complex number a, if cps = B^'A, we consider 
the family {(psfa)s- This family can be lifted to a family of rational surface automorphisms. Since the familiy ft, is 
generically effective (cf Example l3.6b . the generic number of parameters of ((pj/u)., is 1. 



4. A birational cubic map blowing down one conic and one line 

Let / denote the following birational map 

f^{y^z:x{xz+y^):yixz + y^)); 

it blows up two points and blows down two curves, more precisely 

Ind/ = {/?= (1 :0:0),P= (0:0: 1)}, Exc f = {c = {xz + y^ ^ 0}) U {A' = {y = 0}) . 

One can verify that = {y{z^ —xy) : z{z^ — xy) : xz^) and 

Ind/- 1 = {e = (0 : 1 : 0), /?}, Excf-' = {c'^{z'-xy^O})u (A" = {z = 0}). 

Set A = {jc = 0}. The sequences of blowups corresponding to the minimal desingularization of / can be computed in 
five steps, as explained below: 

- First we blow up R in the domain and in the range and denote by E the exceptional divisor. One can show that 
Ci = {mi + v'l = 0} is sent on E, E is blown down to Q = (0 : 1 : 0) and 5 = E n A" is a point of indeterminacy. 

- Next we blow up P in the domain and Q in the range and denote by F (resp. G) the exceptional divisor associated 
with P (resp. Q). One can verify that F is sent on Cj, Ei is blown down to T = Gn A2 and Aj is blown down to T. 

- Then we blow up S in the domain and T in the range and denote by H (resp. K) the exceptional divisor obtained 
by blowing up S (resp. T). One can show that H is sent on K; E2 and A3 are blown down to a point V on K, and 
there is a point U of indeterminacy on H. 

- We will now blow up U in the domain and V in the range; let L (resp. M) be the exceptional divisor obtained by 
blowing up U (resp. V). There is a point Y of indeterminacy on L, L is sent on G2, E3 is sent on M and A^ is 
blown down to a point Z of M. 

- Finally we blow up Y in the domain and Z in the range. The line Aj is sent on £2 and N is sent on Aj, where £2 
(resp. N) is the exceptional divisor obtained by blowing up Z (resp. Y). 
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Proposition 4.1. — Let (resp. ^2) denote the point infinitely near R (resp. Q) obtained by blowing up R, S, U 
and Y (resp. Q, T, V and Z). If we put ^1 = ^1 U {P} and ^1 = ^2 U {/?}, then t,i and ^2 correspond to the minimal 
desingularization off. The map f induces an isomorphism between Bl| and Bl^^ P^, and the different components 
are swapped as follows: 

C^E, F^c', H^K, L^G, E ^ M, A' ^ H, N^A". 



The following statement gives the gluing conditions: 



Proposition 4.2 . — Letu{x,z)— ^ niijx'z', ^ '^ij^'^' beagermofbiholomorphismatQ. 

\(;,;)gN2 (i,;)GN2 / 

Then u can be lifted to a germ of biholomorphism between Bl^ P^ and Bl^ P^ if and only if: 

- mo^o — riQfi = 0; 

- no,i 0; 

- no.2 + ni,o + Wo.i =0' 

- no.3+ni,i+2mo.i(mo^2 + 'Mi,o) =0. 



Let (p be an automorphism of P^. We will adjust cp in order that ((p/)*(p sends ^2 onto ^1 . As we have to blow up P^ at 
least ten times to have nonzero entropy, k must be larger than 2, {^1 , 9^2, 9/9^2, (9/)^9^2, ■ • • , (9/)* '9^2} must all 
have distinct supports and (9/)*^9^2 = ^1 • We provide such matrices for A: = 3 : by Proposition 14. 21 one can verify that 
for every nonzero complex number a, 



|^(37ix/3 + 3) 



a 



^(-15 + lliV3) 1 
-f(2iV3 + 3) 



-^(5iV3 + ll) 
-^(5iV3+ll) 




is such a (p. 



Theorem 4.3. — Assume that f = {y^z '■ x{xz + y^) : y{xz + y'^)^ and that 



9a = 



f3(37i\/3 + 3) a 



-^(5iV3+ll) 



^(-15 + lliV3) 1 -^(5iV3 + ll) 
-f(2iV3 + 3) 



Each map (paf is conjugate to an automorphism of P^ blown up in 15 points. 
The first dynamical degree of (pa/ is A-((pa/) — '^^2^ ■ 
The family (pa/ is holomorphically trivial. 



a e ' 



Proof. — Set (p = cpa. In the basis 

{A', E, F, H, L, N, (pE, (pG, (pK, (pM, (pil, (p/(pE, (p/(pG, (p/(pK, (p/cpM, (p/(pi2} 
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the matrix M of (cp/)* is 



U 


u 


z 


u 


u 




u 


u 


u 


u 


u 


yj 


u 


u 


u 


u 


U 


u 


z 


U 


u 




u 


u 


u 


u 


u 


u 


1 
i 


u 


u 


u 


U 


U 


z 


U 


r\ 

<J 


J 


<J 


<J 


u 


<J 


u 


1 

i 


u 


<J 


<J 


<J 








2 































1 














2 


































1 











2 





































1 








-1 








-1 






































-1 





1 


-1 






































-2 


1 





-1 



































1 


-3 








-1 
































1 





-4 








-1 


















































1 


















































1 


















































1 


















































1 


















































1 

















il is 


{X- 








-X 




+ 


x + 


1)^ 






3X4 


1) 



Fix a point ao in C* . We can find locally around ao a matrix Ma depending holomorphically on a such that for all a 
near ao, we have (pa/ M„ '(pao/^^a : take 



Ma = 





g 
do 









This implies that (pa/ is holomorphically trivial. 



□ 



5. Families of rational surfaces 

Families of rational surfaces are usually constructed by blowing up (or a Hirzebruch surface F„) successively at 
points pi,...,p]si and then by deforming the points Such deformations can be holomorphically trivial: the simplest 

example is given by the family BIm,;;., m,pnP^, where pi,... ,pN are distinct points in and f i— > M, is a holomor- 

phic curve in PGL(3;C) such that Mq = Id. In this section, we give a general description of deformations of rational 
surfaces, using the general theory of Kodaira and Spencer (|Kod86|). Then, after a general digression about the generic 
numbers of parameters of an algebraic deformation, we will give a practical way to count the generic number of pa- 
rameters of a given family of rational surfaces with no holomorphic vector field. As an application, for any family of 
birational maps which can be lifted to a family of rational surface automorphisms, we compare the generic number of 
parameters of this family (as defined in ^1.3l l and the generic number of parameters of the associated family of rational 
surfaces. 

This section can be read independently from the other ones (except 35.51 ), its aim is to provide in some specific cases 
a geometric interpretation of the generic number of parameters for families of Cremona transformations introduced in 
E3] 



5.1. Deformations of basic rational surfaces. — Recall that every rational surface can be obtained by blowing up 
finitely many times P^ of a Hirzebruch surface F„ {see IIGH94I p. 520]). A rational surface is called basic if it is a 
blowup of P^. By |Nag60| Th. 5], if / is an automorphism of a rational surface X such that /* is of infinite order 
on Pic{X), then X is basic. Furthermore, by the main result of IIHar87l . X carries no nonzero holomorphic vector field. 

For each integer A^, let us define a sequence of deformations Kn '■ Xn Sn as follows: 
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- is a point and Xo ~ P . 

- ^Af+i = Xat; Xtv+i = Blx„(X7v x^^ Xat), where Xat is diagonally embedded in Xat x^^ Xat; and TIat+i is obtained 
by composing the blow up morphism from to Xn with the first projection. 

The varieties Sn and Xn are smooth and projective, they can be given the following geometric interpretation: 

- For > 1 , Sat is the set of ordered lists of (possibly infinitely near) points of of length A^. This means that 

Sn = {pu... ,pn such that pi £ P^ and if 2 < / < A^, pt £ Blp,_iBlp,_2 • . .Bl^jP^}. 

Elements of Sn will be denoted by ^. 

- If > 1, Xn is the universal family of rational surfaces over Sn ■ for every ^ in 5a?, the fiber 7t^' (^) of ^ in Xn is 
the rational surface B1|P^ parameterized by ^. 

The group PGL(3;C) of biholomorphisms of P^ acts naturally on the configuration spaces Sn : if g is an element 
of PGL(3;C) and ^ lies in Sn, g-^ is the unique element of Sn such that g induces an isomorphism between B1|P^ 
and Bl^ |P^. Then we have an easy but important fact: 

Lemma 5.1. — Let A^ be a positive integer, t, be an element ofSN and G| be the stabilizer oft, in PGL(3;C). Then the 
identity components of G-^ and of Aut(Bl^P^) are canonically isomorphic. In particular, the Lie algebra of holomorphic 
vector fields on Bl^P^ is canonically isomorphic to the Lie algebra of G|. 

Proof. — The group is clearly a subgroup of Aut(Bl|P^). We write ^ = ^' U {p}, where t,' is in Sn-i and p is 
in B1^,P^; and we denote by E the exceptional divisor of the blowup of B1|,P" at p. Then for any u in Aut(Bl|P^), the 
intersection number E ■ u{E) depends only on the connected component of u in the automorphism group of Bl^P^. In 
particular, if u is in the identity component of this group, E ■ u{E) = E ■ E = —1. Since u{E) is an irreducible curve 
on B1|P^, this implies that u{E) = E (otherwise the intersection number E ■ u{E) would be nonnegative) so that u is 

induced by an automorphism of B1|,P^. Therefore, if j: Aut(Bl|,P^) Aut(Bl^P^) is the natural injection, the image 
of j contains the identity component of Aut(Bl|P^). It follows that j induces an isomorphism between the identity 
component of Aut(Bl|,P^) and the identity component of Aut(Bl|P^). By applying repeatedly this argument, we get 
that the identity component of G| and of Aut(Bl|P^) are isomorphic. □ 

In the sequel, for every integer A^ > 4, we will denote by S]^ the Zariski-dense open subset of Sn consisting of points ^ 
in Sn such that G| is trivial. The associated rational surfaces {B1|P^, ^ £ s\i} are rational surfaces in the family Xn 
carrying no nonzero holomorphic vector field. Besides, the action of PGL(3; C) defines a regular foliation on 

For any point ^ in Sn, let (9| be the PGL(3;C)-orbit of P in Sn- The main result of this section is: 

Theorem 5.2. — Let N be a positive integer. For any point t, in Sn, the Kodaira-Spencer map of Xn at t, is surjective 
and its kernel is equal to T^ O^. 

Before giving the proof, we start by some generalities. Let {X,K,B) be a deformation and b he a point in B. Recall 
that X is complete at b if any small deformation of Xt is locally induced by X via a holomorphic map. Let us quote two 
fundamental results in deformation theory {see IIKod86l p. 270 and 284]): 

(i) Theorem of existence. Let X be a complex compact manifold such that H^(X,TX) = 0. Then there exists a 
deformation {X,%,B) of X such that Xo = X and KSo(X) : TqB H' (X,TX) is an isomorphism. 

(ii) Theorem of completeness. Let (X,7t,B) be a deformation and bhe'mB such that KSfo(X): T/,Z? — > H'(Xfc,TXfo) 
is surjective. Then X is complete at b. 
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As a consequence, if (X,7t,B) is a deformation which is complete at a point b of B and such that H^{Xb,TXb) — 0, 
then KSfo(X) is surjective. 

Definition 5.3 . — Let (X,7t,B) be a deformation. The blown up deformation X is a deformation over X defined 
by X = Blx (X Xb X), where X is diagonally embedded in X X and the projection from X to X is induced by the 
projection on the first factor. 

Thus, for any x in X, Xv = Bl;c(Xi), where b = nix). The following result is due originally to Fujiki and Nakano and in 
a more general setting to Horikawa: 

Proposition 5.4 (F FN72llHor76l ). — Let (X,7t,B) be a deformation, b be apoint ofB and assume that X is complete 
at b. Then the blown up deformation X is complete at any point of Xi,. 

Remark that for every integer A^, Xn — Xat+i . Since Xo is complete, it follows by induction that for every integer A^, 
Xn is complete at any point of Sn- 

Lemma 5.5. — Let X be a rational surface obtained from the projective plane via N+ blow up and N- blow down. 
IfN = N+-N-, then: 

- h^{X,TX) = W^{X,TX)+2N-d,; 

- h^X,TX) = 0. 

Proof. — See 0Kod86l p. 220.]. □ 
We can now prove Theorem l5.2l 



Proof of Theorem \5.2\ — Let be a positive integer and ^ be a point in Sn- The second statement of Lemma 
together with the completeness of Xn implies that the Kodaira-Spencer map of Xn is surjective at ^. Since the restriction 
of Xn on 0^ is trivial, kerKS|(XAr) contains T| 0^. Let us compute the dimension of T| 0^. If is the stabilizer of ^ 
in PGL(3;C), one has an exact sequence 

— > Lie(G|) — > Lie(PGL(3;C)) — >T^0^ — > 0. 
Thus, by Lemma ISTl we obtain: dim(T| 0|) = 8 — h''(X,TX). Otherwise, since KS|(Xa?) is surjective, we get 

dim(kerKS^(XAr)) =2A?-h'(X,TX) = 8-h''(X,TX) 
by the first assertion of Lemma |53] □ 



Remark that if > 4, the kernels of the Kodaira-Spencer maps of Xn define a holomorphic vector bundle of rank eight 
on slj, which is the tangent bundle of the regular foliation defined by the PGL(3; C)-action on 5^. 

5.2. Generic numbers of parameters of an algebraic deformation. — In the section, we define the generic numbers 
of parameters of an algebraic deformation. Recall that a deformation (X,7t,B) is algebraic if there exists an embedding 
/: X — > B X P'^ such that % is induced by the first projection of Z? x P'^. If X is algebraic, the fibers {Xi,)heB are complex 
projective varieties. We always assume that B is connected. 

Proposition 5.6. — Let (X, K,B) be an algebraic deformation. Then there exist a proper closed analytic subset ZofB 
and a holomorphic vector bundle E on U ^ B\Z such that: 

- E is a holomorphic subbundle of TU; 

- the function i-> h' (X^, TXf,) is constant on U ; 

- for all b in B, Eif, is the kernel ofKSb{X). 
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Proof. — Let T X be the relative tangent bundle of X defined by the exact sequence 

^ r'='X ^ TX ^ iClB 0, 

where the last map is the differential of 7i. The connection morphism ji : TB ~ R*'7t*(7t*TB) — > R'ti^T'^'^'X induces for 
every binB a map 

^ly. TbB {R'n,Tr% H'{Xb,TXh) 

which is exactly the Kodaira-Spencer map of X at i> (see IIVoi07l p. 219]). Since the deformation X is algebraic, there 
exists a complex E * of vector bundles on B such that for every i> in B, H' (X^, TX/,) is the cohomology in degree one of 
the complex (see HVoiO?! p. 220]). This implies that the function h i-> dimH' (Xfo,TXfc) is constant outside a proper 
analytic subset Z of B. By Grauert's theorem IHar77l p. 288], R'ti^TX'^''' is locally free on U — B\Z and for every b 
in J/, the base change morphism from R^7t*TX|^' to H^(Xfo,TXfo) is an isomorphism. After removing again a proper 
analytic subset in t/, we can assume that /j has constant rank on f/, so that its kernel is a holomorphic vector bundle. □ 

This being done, the definition of the generic number of parameters of an algebraic deformation runs as follows: 

Definition 5. 7. — The number m(X) = dimZ? — rank/i is called the generic number of parameters of X. 

Remark 5.8. — (i) Recall that a deformation (X,7t,B) is called effectively parameterized (resp. generically effec- 
tively parameterized) if for every b in B (resp. for every generic b in B), the Kodaira-Spencer map KSf,(X) is 
injective (see liKod86i p. 215]). By Proposition l5.6l an algebraic deformation (X,7i,B) is generically effectively 
parameterized if and only if m(X) = dimB. 

(ii) By TheoremES for any integer > 4, m(XAf) = 2A^ - 8. 

5.3. How to count parameters in a family of rational surfaces? — Let 2} be a family of rational surfaces parameterized 
by an open set U of C". Since the deformations Xn are complete, we can suppose that 2) is obtained by pulling back 
the deformation Xn by a holomorphic map \|/: U Sn- We will make the assumption that the fibers of 2) have no 
holomorphic vector field, so that \\t takes its values in 5^. In this situation, we are able to compute the numbers of 
parameters of such a family quite simply: 

Theorem 5.9. — LetU be an open set in C" , N be an integer greater than or equal to 4- and \\t : U S^/ be a holomor- 
phic map. Then m{\\t*XN) is the smallest integer k such that for all generic a in U, there exist a neighborhood D.ofQ 
in C""*^ and two holomorphic maps y: D.~^U andM: D. PGL(3;C) such that: 

- Y* (0) is injective, 

- y(0) = a and M(0) = Id, 

- forallt inD.,\\t(y(^t)) =M{t)\\f{a). 

Proof. — Let a be a generic point in U, Ua be a small neighborhood of a and Za ~ V(/(f/a); Za is a smooth complex 
submanifold of passing through V(/(a). The rank of \\t is generically constant, so that after a holomorphic change of 
coordinates, we can suppose that f/a = Va x Za and that \\t is the projection on the second factor If (v,z) is a point 
of Va X Za, the kernel of KSf^ ,) (\(/*Xa?) is the set of vectors {h,k) in T^Va ® T-Za such that k is tangent to the orbit O^. 
If a is sufficiently generic, these kernels define a holomorphic subbundle of T(Va x Za) of rank n — m(i|/*XAr) , which is 
obviously integrable because the PGL(3; C)-orbits in define a regular foliation. Let Va x Ta be the associated germ of 
integral manifold passing through a. For every point z in Ta, T^Ta is included in Tj.(9,. Thus Ta is completely included 
in the orbit Oy(oi). Let ybe a local parametrization of Va x Ta. As the natural orbit map from PGL(3;C) to Oy(a) is a 
holomorphic submersion, we can choose locally around V|/(oc) a holomorphic section T such that x(i|/(a)) = Id. If we 
define M(f) =T[y(f)], thenY(f) =M(f)i|/(a). 

Conversely, let a be a generic point in U, d he an integer and (y, M) satisfying the assumptions of the theorem. The 
image of y defines a germ of smooth subvariety Ya in U passing through a, and its image by \\t is entirely contained in 
the orbit Oyja)- This implies that the restriction of \|/*(Xa') to Ya is holomorphically trivial. Thus Ta^a is contained in 
the kernel of KSa(v(/*XAf). Since dimFa ~ n~k,we obtain the inequality m(x|/*XAf) <k. □ 
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Example 5.10. — Let us consider the family of birational maps ((Pa/)aGC* defined in Theorem l4.3l This family can be 
lifted to a family of rational surface automorphisms. In the notations of Proposition l4.lt the associated deformation of 

rational surfaces is x|/*Xi5, where \|/: C* is given by \(/(a) = {Xi,P, (Pa(C2), 'Pa(^), (Pa/(Pa(C2), (Pa/(Pa(/^)) • For 

any point ao in C* , let £1 be a small neighborhood of in C and a : £2 C* , M : £2 — > PGL(3; C) be two holomorphic 
maps such that a(0) = ao, M(0) — id and for all t in £2, v|/(a(f)) = M(f).\|/(ao). This means that: 

(i) ^1 and f are fixed by M(f), 

(ii) X2 and R are fixed by (p^('^jM(f)9ao, 

(iii) X2 and 7? are fixed by (cpa(,)/(Pa(,))"'M(f)(pao/9ao- 

The stabilizer of ^1 in PGL(3; C) consists of matrices of the form 



1 






w 









w G C* . These matrices also fix the 



point P. Thus, condition (i) implies that M{t) = 



where A : £2 — > C* is a holomorphic map such 



1 
Ait) 
A{tf 

that A (0) = 1 . For (ii) and (iii), we must compute conditions analogous to those of Proposition l4.2l to describe germs of 
bihilomorphisms u such that m(^2) = ^2- If we take the power series expansion of u in the coordinates one checks 
that the conditions are the following ones: 

- mo,o = riQX) = 0, 

- mo.i = 0, 

- OTo.2 + 'Wi,o-no,i =0, 

- mo.3+mi,i -2«o,i(no.2 + ni,o) =0. 

We compute the Taylor expansion of Vf^^^^M{t)iSfao at Q and explicit the above conditions. They yield that (ii) is satisfied 

if and only if A{t) ~ Then another computation shows that (iii) is always satisfied {i.e. (iii) imposes no further 
restriction on the function a), so that m(\|/*Xi5) = 0. This fact will also be a consequence of Theorem l5.12l 



5.4. Nonbasic rational surfaces. — We will briefly explain how to adapt the methods developed above to nonbasic 
rational surfaces, although we won't need it in the paper. The situation is more subtle, even for Hirzebruch surfaces. 
Indeed, if n > 2, Aut(F„) has dimension n + 5 (see |Bea78i) so that h'(F„,TF„) = «- 1 and h-(¥„,T¥„) = by 
Lemma 1575] Therefore the Hirzebruch surfaces F„ are not rigid if n > 2. Complete deformations of Hirzebruch sur- 
faces (F„)„>2 are known and come from flat deformations of rank-two holomorphic bundles on P'(C) (see I Ma n04l 
Chap. II]). These deformations are highly non-effectively parameterized because their generic number of parameters is 
zero. We will denote them by {^„,U„), where U„ is a neighborhood of the origin in C"^' and (5^„)o = F„. The fibers 
of 'Sn over points of f/„ \ {0} are Hirzebruch surfaces ¥n-2k of smaller index. 

The deformations of nonbasic rational surfaces can be explicitly described using the same method as in ^5.11 for every 
integer n > 2, let us define inductively a sequence of deformations ftN,n ■ dN,n SN,n by 5^o,n = and ^N+i.n — ^N,n 
(cf Definition l5.3b . This means that 

%« ^{a,pi,...,pN\a^Un,p\^ {^n)a,P2 G ^\p^{^n)u, ■ ■ ■ , PN G Blp„_, ■ ■ ■ Blp; 

and that p„ = Blp„ . . .Blp; (g'„)„. 

If X = B1|F„ is a nonbasic rational surface, then ^ defines a point in S^^n for a certain integer A^. By Proposition 15. 41 

S^Af.n is complete at ^. Therefore small deformations of a nonbasic rational surface can be parameterized by (possibly 
infinitely near) points on Hirzebruch surfaces F„, but n can jump with the deformation parameters. 



5.5. Application to families of Cremona transformations. — The aim of this section is to relate to different notions 
of "generic number of parameters", the first one being introduced in ^L2l for holomorphic families of birational maps 
and the second one in ^5.2l for arbitrary algebraic deformations. Our first main result is: 
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Theorem 5.11. — Let and d be positive integers such that N is greater than or equal to 4,Y be a smooth connected 
analytic subset of Biiv(P^) and \(/: F — > be a holomorphic map. If X = \\t* Xn , let F : X — > 7 x be the natural 
holomorphic map overY whose restriction on each fiber Xy is the natural projection from Bly(y)P^ to P^. Assume that 
for any y in Y, if fy is the birational map parameterized byy, Ty^^ ofyoTy is an automorphism of the rational surface Xy. 
Then the generic number of parameters of the holomorphic family Y is smaller than the generic number of parameters 
of the deformation X, i.e. m{Y) < m{X). 

Proof. — Let y be a generic point in Y. By Theorem 15.91 we can find a complex submanifold H of F of codimen- 
sion m(X) passing through y as well as a holomorphic map M : D. — > PGL(3;C) such that M(37) = id and for every t in Q., 
= M{t)\\t{y). Let A: £2 x Xy — > X|n be the associated global holomorphic trivialization of the deformation X|n : 
for every t in £2, A, is the isomorphism between Bly(j,,)P^ and Bly(,)P^ induced by M(f ). This implies that 

A,-' o rr ' o /, o o A, = r; ' o [M(f )- ' o o M{t)] o r,.. 

Since Xy has no nontrivial holomorphic vector field, the holomorphic family (F^T^ o [M(f)^' of, oM(f)] ory),gn of 
automorphisms of Xy must be constant. Thus, we obtain that for every t in £2, f = M{t) o f. o M(f)^ ' . This means that 
£i is contained in the adjoint orbit Oy of f., so that m{Y) = codim {Y n Oy)'" < codim£2 = m(X) . □ 

It is easy to produce examples where m(y) < m(X) : let li = 1, i be a linear involution which is not in the center 
of PGL(3;C) and F be a smooth curve in the adjoint orbit Oi passing through i. We can assume that there exists a 
holomorphic map M: Y ^ PGL(3;C) such that M(i) = id and for all y in Y, fy — M[y)\M[yY^ . Let us choose four 
distinct generic points p\, p2, P3, and p4 in P^ such that for 1 < ij < 4, i{pi) 7^ pj. We define a holomorphic function 
: y ^8 by the formula 

xV{y)^{M{y){pi),M{y){p2),M{y){p3),M{y){p{y)),M{yMpi)),M{yM^^^ 

where p: 7 — > P^ is a holomorphic immersion such that p{i) — p4. Since the points p, are generic, we can assume that 
\|/ takes its values in Besides, for any y in F, the involution /j, can be lifted to an automorphism of Bl^^^jP^. Theorem 
EJimplies that m(\(/*X8) = 1, but m{Y) = 0. 

Theorem 5.12. — Let k and N be two positive integers, f be a birational map of the complex projective plane, 
and t,2 be two points ofSN corresponding to the minimal desingularization of f and U be a smooth connected analytic 
subset of PGL(3; C) . We make the following assumptions: 

(i) For all (p in U, (9/)*'9f 2 = f 1 ■ 

(ii) The supports of t,i , 9^2 and ((p/)-'(p^2, 1 <y 1, are pairwise disjoint 

(Hi) 7fi|/: U SkN is defined by \\t{<p) = (^1,9^2,9/9^2, (9/)*'"^9^2), then the image of ^Sf is included in s\j^. 
(iv) For all (p in U, the birational map 9/ can be lifted to an automorphism of the rational surface Bl^^^jP^. 
IfU denotes the family of birational maps (9/)(pG[/ and ifX — '\\i*XkN, tiien m{U) = m(X). 

Proof. — By Theorem lS.l II we know that m{U) < m(X). To prove the converse inequality, let us choose a generic 
point 9 in U. Then the intersection Z of U with the adjoint orbit 0(f,f of 9/ is smooth of codimension m{U) in a 
neighborhood of 9/. If v: PGL(3;C) — > (9<p/ is the orbit map associated with the adjoint action of PGL(3;C), then v is 
a holomorphic submersion. Thus we can choose locally a holomorphic section M: Z — > PGL(3;C) of v near 9/ such 
that M(9/) — id. For every z in Z, if 9,./ is the birational map corresponding to z, then 9^-/ — M{z) (^fM{z)^^ . We 
use now the essential assumption: ^1 and ^2 correspond to a minimal desingularization of /. By Lemma [T73l we obtain 
that for any z in Z, M{z)t,i — t,i and M(z)9^2 = <Pz^2- Thus, — M(z)\|/(9/) and this implies by Theorem |S!9l that 
m(X) <codimZ = m(C/). □ 
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